deviation of the temperature excess @f(O, 0, 0, Fo) for the three~dimensional case from the
corresponding quantity in the one~dimensional case, qo, constant heat flux density inside the
prescribed square region on the surface of the body; To, initial temperature of the body; 2I,
length of a side of the square heater; t,, time corresponding to Fo,.
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SANDWICH PLATE UNDER THERMAL IMPACT

V. V. Kharitonov, T. A, Starovoitova, UDC 536.24:534,1
and E. I. Starovoitov

An expression is obtained for the temperature field and the fluctuations excited
by a thermal impact are investigated.

The extensive application of laminated structure elements in industry arouses interest
in determining the temperature fields therein and in describing their dynamic behavior under
thermal force action. The vibrations of a circular single-plate excited by a thermal impact
are considered in the monograph [l]. Similar investigations are performed in this paper for
sandwich circular plates of nonsymmetrical thickness, assembled from materials with different
thermophysical and mechanical properties.

3
Let us consider an unlimited sandwich plate of thickness h=3#4, (k= 1, 2, 3; h,, hs
k=1

are the thicknesses of the outer layers and h, = 2c is the filler thickness), on whose outer
surface of the heat shielding layer 1 (z = ¢ + h,;) a thermal flux of density q; acts in a
direction normal to the surface. The outer plane of the carrying layer 2 (z = — — hy) is
assumed heat-insulated. A cylindrical r, ¢, z coordinate system is coupled to the filler mid-
dle surface, and the z axis is directed toward the layer 1. Under the mentioned heat-trans-
fer conditions the temperature field in the k~th layer of the plate Bz, t) =T —To (T, is
the initial temperature) satisfies the heat conduction equation

0r,.. = éh/aktv @
under the initial (t = 0, t is the time)
Ok (Z, 0) B 0 (2)
and boundary
MOy, = —qr (z=c+ M), 0, =0; MO, ., =10, (2= C),} 3)
0, = 05, 7\4202,; = }"363,: (z=—0), 92,2 =0 (z2=—c—h)

conditions. Here agt = Ai/(cktok) is the thermal diffucivity of the k-th layer, the comma in
the subscript denotes the operation of differentiation with respect to the subsequent coordi-
nates.

The solution of the boundary-value problem (1) under the initial (2) and boundary (3)
condition is executed by an operational method based on the Laplace transform {2].

Analysis of the analytical expressions obtained for the temperature fields in each of
the layers and comparing them with knowm solutions (for h; = O the field for a bilayer plate
presented in [2] follows, while for h, << hy we obtain the temperature field of a thin coat-
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ing [3]), and the results of the numerical computation on an electronic computer permit rep-
resentation of the temperature fields in the system under study in the following form with
accuracy (5-7%) sufficient for engineering practice for our specific conditions (h; = hz = hj)

8,(z, 1) ~ -ﬂf_l/@f_{ M’g{ierch () - ferfe D (— ) — 2 —
1 V=
e 2h1 - ATs [ierfc D, (x) 4 ierfc D, (— %)
Vai 8 Vaayt J 2 : ol E
— ierfc Dy (x) — ierfc Dy(—x 2@&——&:7,
3( '3( )} + 2 'l/a“t ’
4q, Vayt |. hy — (x — 2h,) V agja
0,(z, 1) = —dt ¥ %t {lerfc s ) V Aoyl
: A 9 Vayt +
. Bhy—(x—2YVaglay | . . hy+xVagla, | . 3hy +x Vaglay
—+ jerfc 2 —+ jerfe 2 —2—— 2L | ferfe 3 7 Catitat },
9 Vgt 2 Vagut 2 Vay,t
2q, VL?J { 4hy—x . 6hy 1+ x
0,42, )= ierfc e ierfc —Y—=— —
ste ) . 2 Vayt + 2 Vayt
2
— ferfe 21 +r ,1_ — A . } . (4)
2 Vagt Va 4 Vgl 12 Vw agt

Here

A Tr . he o/ G
A, =14 =82 /_1-, ATy = 1 — —& e LAY
8 * Ay l as ’ M k/ Q3

X’“—-l—}———xﬁ— /E'xz—z—{—h + ¢
23 ;\13 V a2t1 1 ’

4 —
4 3valt/aat_£2h1 =+ x) ; Dy(d=x) =
2 Valtt

Dy(£x)=

2h, 'I/a“/a3, +2h 4+ x

6h, Vayjay + 2h + x
2 Vay,t ’

2 Valtt 3( '

and ierfe y are functions known in the theory of heat conduction [2, 3].

Thermal impact on the surface of a sandwich plate can cause it to vibrate. For a circu-
lar plate we introduce an assumption about the heat insulation of its outline, which permits
description of the temperature field therein by using (4).

We take geometric hypotheses in conformity with the E. I. Grigolyuk model [4]: the Kirch-
hoff assumptions are valid in the carrying layers, while the deformed normal remains recti-
linear aﬁd incompressible in the stiff filler. In this case the radial displacements in the
layers uy can be expressed in terms of three unknown functions: u(r, t) is the radial dis-
placement of the coordinate plane, ¥(r, t) is shear in the filler, and w(r, t) is deflection

of the plate
U =yt op—zw,; u® =u—cp—2zw,; W =u+zp—zw,. (5)
There are no tangential displacements because of the axial symmetry of the problem.

The deformation components are determined from the known formulas

gh = ul 6; = ukir; 263 = . (6)
The stress connection to the strain is described by thermoelasticity relations
S; = 20y, 95;; of = 3K, (ek — al,-ek ); S,(.g) = Gg¥ (a =1 (f) (N

Here ap is the coefficient of linear temperature elongation.
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The theorem of the minimum of the potential strain energy is used in deriving the equa-
tion of plate motion. Its variation has the form

811 = ” (2 f ok 8ek dz - 2 " 6{P8eddz ) rdrdyp. (8)

o,k hy ls

later, as in [5], the relative smallness of the filler shear modulus G3< G, G, is used, where-
upon the work of the tangential stress o,§§> in (8) can be neglected, which equals 2c¢Gs¢. The
general form of the equations of motion in generalized internal forces and moments agrees

with the traditional form for laminar plates [5, 6].

Use of the relationship (5)-(7) permits reducing the equation of motion in the form

Ly (ayu + ap —asw ;) = 0; Ly (at + @ —asw,r) = 0, (9)

Ly (gt + a5 — agw,,) — Myrgw = 0.

The initial motion conditions are

w(r, 0)=0; w(r, 0)=0; 6(z, 0)=0. (10)

Hinge~-support over the plate boundary contour with the presence of a stiff diaphragm
preventing the relative shear of the layers at the endplate is taken as boundary conditions

M, =a, r + a5, r — QW rr — Aeo@,,/r — M; = 0; 4 = p=w=0 (r=1). (11)

Here and henceforth, the geometric parameters and linear coordinates are referred to the plate
radius r,

L2 (W)= ((ru),,/r),, =U .4 u,.lr —ufry;
L3 (u) = (rL2 (u))qr/r = u,rrr + 2u,rr/r - u,r/rz;

3
a = E heKros Gy = ¢ (hKyo + hoKse); a3 = hy(c + 7y/2) Ky —
k=1

— hy(c 4 hy/2) Kooy ay = ¢ (1K g + hyKoe + hsK30/3);
as = ¢ (hy (¢ + 1y/2) Kyo -+ o (¢ 4 ho/2) Kyg + 202K 49/3);
ag = hy(c®+chy + h¥/3) Kio + ha (2 + chy +- h§/3) Ko+ 263K 5/3;

g0 = g {(Kp — 2/3Gy) = Ko}; Kno = Ky + 4/3Gy;

3 3
M, =32 oy (K, — 2/3Gy) 5 02dz; M, = }_‘ ouhy,
h=1 By, k=1
where py is the density of the material of the k~th layer.

After integration by parts and evident manipulation, the system (9) is reduced to the
form

u=bw , + Cyr + Colr; Y= byw,, + Cor + C,/r; Ly(w,,) + Miw =0, (12)
where
by = (a3a, — a,a5)/(ay0, — a%): by = (ay05 — a,a5)/(a,a, — ag);

Myria, (2,0, — a2)

Mh = — .
(@8, — ag)(alaa - aé) — (285 — a,a,)

Because of the continuity of the desired solution at the origin for solid plates, it is
necessary to set C3 = C, = 0, There follows from the condition (11) on the boundary

C,=—bw, Cy=--buw, (r=1),
which permits obtaining a boundary condition for the deflection
W= 0; a7wyrr + asw,r + Mt == 0 (f = l)v (13)

a7 = Q4o — b0y — byas; ag = gy + b1y + byas.

736



We represent the solution of (12) in the form of the sum of quasistatic deflection and
a dynamic part
@ = w, -+ w,. (14)
The quasistatic deflecticn satisfies the equation
Ly(w,,) =0
for the boundary conditions
w, = 0; aqw,,, + a0, + M, =0 (r=1}

For a solid plate

2
wS: Mt(l—-f) ) (15)
2(ar + as)
Substituting the solution (14) into (11) and the conditions (10) and (13) and taking
account of the expression (15), we obtain an equation to determine the dynamic part of the
deflection

. M1l — 72 -
Ly (i, + Moy — — — 1)y, (16)
2 (a7 + ag)
under the initial and boundary conditions
—r2 . —r2 ,
Wg = ,_____.l__l__;]\/]t; wd:-_______l_..r_.Mt (t= O),
2 (a7 + ag) 2(a; + as)

(17)
Wy == 0; Wy -+ agWy, . = 0 (7' == 1)

Let us first examine the homogeneous differential equation corresponding to (16). TIts
solution is assumed in the form

@) = v(r) (A cos of -+ Bsinot). (18)

After substituting (18) in this homogeneous equation, we obtain a differential equation to
determine the function v{r):

Ly(v,)— Pto = 0; Bt = oM~ (19)
Taking account of boundedness at the origin, the solution of (19) is the following
v = Cylo (Br) + Colo (B1). (20)

Here Jo, Io are zero-order Bessel function of the first kind of real and imaginary arguments.
Substituting (20) into the boundary conditions (17) and requiring the solution of the obtained
system of equations in the constants of integration C,, Cz not be trivial, we obtain a trans-
cendental equation to determine the eigennumbers B,

Jo(B) [ar (BLo (B) — 1, (B)) + asly (B)] + 1o (B) (a7 (BJo (B) — /1 (B))+asl1 (B)]. (21)
The natural vibrations frequencies are afterwards determined from the formula
wp == Pl M2. (22).
An orthonormalized system of eigenfunctions Vo = v(Byr)
I Jo (Bn)
n— T J n’) — —~ern. I n 23
¢ dn [ O(ﬁ r) 'Il)“jn) ’ (ﬁ r) ] ( )

is introduced to describe the dynamic part of the deflection of the system under investiga-
tion. The normalizing factor dp is determined from the requirement of orthonormality of the
system vp
1 -
o M Jo (B 2 1 ) Jo (Br) 11 (Bn)
dn = J (ﬁnr) — A ! (ﬁnr) ‘l rdr = — [Jl (ﬁn) + ]l (ﬁn)] + - J (ﬁn) + = A N JO (ﬁn)
) [ ’ LB) 2 B L To(By)

The desired deflection wyq that satisfies the inhomogeneous equation (16) is represented by
using a series expansion in a functional system of functions (23):
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Wy L Uptln (” (24)

a 0

Substituting this series into (16) and the conditions (17) and taking (19) into account, mul-
tiplying the terms of the equation by vprdr and integrating with respect to r between zero
and one, we obtain an equation for qp ' -

’ qn + (D,ﬂn 9 (617 "l“ as) ¢
under the conditions
L (1Y R VI T6Bn) a1yt 0. (26)
n 2([17 + Cls)- t( )’ qn 0 (a7 + ag) t( ) ( )

Here

1

_r 2 ; 2 Jo(ﬁn)
1( n)_ l_ \na = [ n Jl n) _—"‘_11 n 2J0 nSo—l n J1 nsao n 5 (27)
Bo) = {1 P = e [ 5 (JuBo) — S B0 200 82)Se (B4 1 () S (62)

when Sy , are Lommel functions.

The solution of the equation can be written down in the form

. TBn)  f o o il
=4, ot 4 Bpsinwpt — ——0 ot — T)IM, (T) dr. (28)
gul) cos®,t 4 By sinw 5@+ ag e, §sm [0, (f —T)IM, (T) d7

The constants of integration A,, B, are determined from the initial conditions (26):

I, 1B, ..
s L1 R VYT N— " 1)) (29)
2(ar + ag) 2(ar + ag) 0,
The quasistatic deflection (15) can be expanded in a series of eigenfunctions vp:
M o
Ws = —_t E I(f’n) Un, (30)

2(a7+a8) n=0
where I(B,) is defined by (27).
We obtain the total dynamic deflection of the plate by summing (24) and (30):
M

':{; n n "'_‘—“_“_1 n\- (31)
O’ (q * 2(ar + ag) (ﬁ))

n=0

The radial displacements and shear follow from the relationships (12):

0 MJ (Br)
u==o Un,r n+—__t—_——‘)+cr;
PR (ot ) T

TABLE 1. Eigennumbers of Equation (21)

n ' B ” n l B

0 2,526 10 18,035
! 2,655 1t 18,115
2 5,585 12 21,225
3 5,645 13 21,245
4 8,695 14 24,365
5 8,735 15 24,385
6 11,825 16 27,505
7 11,855 17 27,515
8 14,955 18 30,645
9 14,975 19 30,655
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Fig. 1. Dependence of the ratio between the dynamic component of
the deflection wygp and the quasistatic component wgy on the dimen-
sionless tiime 1 = (a;tt)/h2 for fundamental tone vibrations fre-
quencies: a) n = 0 (weroe = 585.3 m/sec); b) n = 1 (w,re = 647.1
m/sec).

> M B,
p=bh, v( n+——’———~—)+ . (32)
,,;0 " S atay )

Here qp is determined by (28) with (29) taken into account:

B Jo(B,) |
o = — e {Jl(ﬁnrw SRy Il(ﬁmJ,

_ < ﬁn Jo(ﬁn) Mtl(ﬁn)
few e} = (b b} 3 2 [J‘(ﬁ'” Lo ¢ ”)J ["”+ 2 (ar + ay) }

Therefore, the functions describing the vibrations of a sandwich plate under thermal im-
pact are determined by (31) and (32).

Numerical results were obtained on an ES-1022 electronic computer for a sandwich plate
whose heat shielding layer is from cordierite, the filler from a fluoroplastic, and the carry-
ing layers from D16T aluminum alloy. The thermophysical and elastic characteristics of the
materials mentioned were determined from known experimental data [7-9].

The transcendental equation (21) for the eigennumbers was investigated in a 0-50 inter-
val, Thirty-two roots were obtained. The first 20, calculated to 0.005 accuracy, are pre-
sented in Table 1. They correspond to the layer geometric parameters hs = 10, h; = 20, hy =
0.05 and grown as the total layer thicknesses grow. Their corresponding frequencies wproe (m/
sec) vary between the limits 585-86,270. Theratio between the deflection dynamic (24) and
quasistatic components for the first two frequencies are represented in the figure as a func-
tion of the dimensionless time. The extremal splashes of the ratio corresponding to the func-
tional tone frequency we¥o are compensated partially in the region Tt = 2 upon summing the
series (31) by means of its dual frequency wiT¥e. For T > 5 the amplitude of the vibrations
diminishes gradually.

Investigation of the temperature field im the inner carrying layer showed that it can be
assumed constant for relatively thin layers h; << hs.

NOTATION

r,9, z, cylindrical coordinate system; q¢, heat flux; T, temperature, t, time;
Aks Ckts Qkt, heat conduction, specific heat, and thermal diffusivity of the k-th layer; py,
density; k, layer number; hy, layer thickness; ro,, plate radius; u¥, radial displacements in
the layers; u, radial displacements of the filler middle plane; ¥, shear in the filler; w,
plate deflection; wy, wg, dynamic and quasistatic deflection components; Gy, Ky, shear and
bulk deformation moduli; of, €§, stress and strain tensor components; of, eg, global parts
of the stress and strain tensors; I, strain potential energy; M,, radial generalized moment;
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My, temperature component of the generalized moment; L,, Lai, linear differential operators;
Bp, eigennumbers; vp, orthonormalized eigenfunctions; and wy,, natural vibrations frequencies.
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